It is widely accepted in the materials modeling community that defect-free realistic networks of amorphous silicon cannot be prepared by quenching from a molten state of silicon using classical or ab initio molecular-dynamics (MD) simulations. In this work, we address this long-standing problem by producing nearly defect-free ultra-large models of amorphous silicon, consisting of up to half-a-million atoms, using classical molecular-dynamics simulations. The structural, topological, electronic, and vibrational properties of the models are presented and compared with experimental data. A comparison of the models with those obtained from using the modified Wooten-Winer-Weaire bond-switching algorithm shows that the models are on par with the latter, which were generated via event-based total-energy relaxations of atomistic networks in the configuration space. The MD models produced in this work represent the highest quality of amorphous-silicon networks so far reported in the literature using molecular-dynamics simulations.
I. INTRODUCTION
Silicon continues to play a major role in the technological revolution of the 21st century. The recent developments of high-efficiency silicon-based heterojunction solar cells 1,2 and two-qubit quantum logic gates in silicon, 3 with applications to quantum computation, are indicative of its lasting importance for future technology. Unlike the crystalline state, the amorphous state of silicon is characterized by the presence of disorder in the radial and bond-angle distributions, along with a distinctly different topological (dis)ordering from its crystalline counterpart. Although a number of models based on the presence of small clusters of ordered materials -variously known as the paracrystalline model, 4 ,5 the significant structure theory, 6 and the crystalline hypothesis 7 -have been proposed from time to time, a CRN model appears to be conceptually simple and representative of most of the characteristic properties of a-Si and a-Si:H, observed in experiments. It is now widely accepted that the structure of amorphous silicon can be described fairly accurately by the continuous-randomnetwork (CRN) model of Zachariasen. 8 The chemistry of silicon demands that an ideal CRN model of a-Si should satisfy the following properties: (i) every Si atom in the network must be bonded to four neighboring Si atoms; (ii) the network must exhibit a well-defined short-range order and possibly an intermediate-range order, the former being characterized by narrow bond-length and bond-angle distributions (e.g., the average bond angle and its variance should be close to 109.47
• and 9
• -11 • , respectively); (iii) any deviation from the ideal 4-fold coordination of the atoms must be as minimal as possible, preferably 1-100 in 10 5 atoms, so that the resulting electronic, optical, and vibrational properties, obtained from such a model of a-Si, are in agreement with experimental data. Following Weaire and Thorpe, 9 and Heine, 10 it can be shown, by employing a simple tight-binding Hamiltonian, that an atomistic model with these properties exhibits a gap a) Electronic mail: attafynn@uta.edu b) Electronic mail: partha.biswas@usm.edu in the electronic spectrum. Despite these simple geometrical properties, atomistic modeling of defect-free a-Si networks, using molecular-dynamics simulations, has been proved to be particularly challenging and, at present, no defect-free large molecular-dynamics models of a-Si exist in the literature to our knowledge.
The current approaches to structural modeling of a-Si can be broadly classified into three categories. The first and foremost is based on Monte Carlo simulations, using the so-called bond-switching algorithm of Wooten, Winer and Weaire 11, 12 (W3). Here, one starts from a disordered silicon crystal with 100% 4-fold coordinated atoms and introduces a series of bond switches in the network, which are followed by totalenergy relaxations using the Keating potential. 13 The bond switching between a pair of atoms changes the network topology, but keeps the atomic-coordination number constant, by incorporating mostly 5-and 7-member rings in the network. A repeated application of bond switching, followed by totalenergy relaxations, drives the system stochastically on the potential-energy surface (PES) from one local minimum to another over the energy barriers on the PES. In order for the system to be able to explore the relevant part of the configuration space, which is associated with topologically-distinct configurations than a crystal, it is necessary to conduct a minimal number of bond switches so that the system can escape from the initial (crystalline) state. An efficient implementation of the algorithm was presented by Barkema and Mousseau, 14 where the method was modified to start from a random configuration and introducing local relaxations, upon bond switching, followed by intermittent total-energy relaxations of the network. The method is capable of generating large 100% defect-free a-Si networks with a very narrow bond-angle distribution. 15 Molecular dynamics simulations, on the other hand, provide an alternative route, where one attempts to generate a-Si configurations by quenching from a molten state of Si at high temperature. Starting from a random configuration, with a mass density close to the experimental density 16 of 2.25 g/cm 3 for a-Si, the temperature of the system is increased well above the melting point at 1687 K of c-Si. After thermalization, the temperature of the system is gradually reduced, typically at the rate of 5-10 K/ps, until the final temperature decreases to 300 K. The approach is commonly known as 'quenchfrom-the-melt' and it is particularly effective for amorphous solids having strong glass-forming ability. It has been observed that a-Si models obtained from the melt-quench approach contain a high density (≥ 5%) of coordination defects, namely 3-fold and 5-fold coordinated atoms, which is at variance with the dangling-bond density (i.e., 3-fold coordinated atoms) estimated from electron spin resonance (ESR) measurements. 17 Such a high density of coordination defects adversely affects the optoelectronic properties of the material, which renders MD models unsuitable for predictive studies of electronic and optical properties of a-Si and a-Si:H. The apparent failure of melt-quench approaches to produce satisfactory models of a-Si is not particularly surprising in view of the fact that a-Si is not a glass and that it is generally prepared in laboratories by vapor deposition on a cold substrate or by similar methods. The lack of glassy behavior in a-Si can be qualitatively understood from Phillips' constraintcounting approach 18 and Thorpe's rigidity-percolation concept. 19 In the latter, the glassy nature of a disordered solid was shown to be connected with the mean coordination number of the atoms in a network. Specifically, a disordered network with a mean coordination number r av < 2.4 behaves as a polymeric glass, whereas networks with r avg > 2.4, such as a-Si with r avg ≈ 4, behave like rigid amorphous solids. These observations, along with a high cooling rate and a rather short total simulation time, appear to indicate that realistic models of a-Si is unlikely to be produced by molecular-dynamics simulations. Thus, atomistic modeling of a-Si using direct MD simulations has attracted little attention in recent years 20 and a great majority of MD studies on a-Si were conducted in the past decades. [21] [22] [23] [24] [25] [26] [27] [28] [29] In the last decade, a number of hybrid approaches were developed that ushered in a new direction for modeling complex materials using information paradigm. [30] [31] [32] [33] [34] These methods employ prior knowledge of materials from experiments, often in conjunction with structural, 35 chemical 36 and electronic 32 constraints, and combine the information with an appropriate total-energy functional for structural determination of complex solids. Motivated by the Reverse Monte Carlo method [37] [38] [39] [40] [41] and its drawback, where a threedimensional structural model is generated by inverting onedimensional experimental diffraction data, hybrid approaches go a step further by incorporating experimental data with a total-energy functional in search for structural solutions in an augmented solution space, so that the final structure is in agreement with both experiments and theory. Examples of such approaches include experimentally constrained molecular relaxation (ECMR), 30, 42 ab initio random structure searching (AIRSS), 34 first-principles assisted structural solutions (FPASS), 33 and force-enhanced atomic relaxations (FEAR). 31, 36 While the methods have achieved a remarkable success in determining structures of a variety of complex solids, none of the methods has been successful so far in producing high-quality, defect-free configurations of aSi. In this paper, we have addressed this problem and presented a solution by producing nearly defect-free large models of amorphous silicon using molecular-dynamics simulations, supported by experimental evidence from X-ray diffraction and Raman spectroscopy.
The layout of the paper is as follows. In section II, we discuss a dynamical approach to modeling amorphous silicon using classical molecular-dynamics simulations in canonical and microcanonical ensembles, followed by ab initio total-energy relaxation within the framework of the densityfunctional theory. We successfully demonstrate that highquality structural models of amorphous silicon, with defect concentrations as low as 0.7% and root-mean-square deviations (RMS) of bond angles below 10
• , can be obtained directly from ultra-long MD simulations that last for several tens of nanoseconds. Section III discusses the results of our simulations with an emphasis on structural, electronic and vibrational properties of the models. We show that the results from the MD models are in excellent agreement with experimental data and that from the W3 models. This is followed by the conclusions of our work in section IV.
II. COMPUTATIONAL METHODOLOGY

A. Dynamical approach to a-Si using MD simulations
Classical molecular-dynamics simulations were performed for several systems ranging from 300 to 400,000 atoms. The details of the simulations are as follows. (i) Initial random configurations: Initial configurations of different sizes, N =300, 1000, 5000, 25000, 400,000 Si atoms, were generated by randomly placing Si atoms in a cubic simulation box, subject to the constraint that the minimum separation between each pair of atoms was 2.1Å. The length of the cubic simulation box was chosen such that the mass density matched with the experimental density 16 of a-Si of 2.25 g/cm 3 .
(ii) MD simulations: MD simulations, using the initial random configurations as input, were carried out in the canonical (NVT) and microcanonical (NVE) ensembles. The interatomic interaction between Si atoms were described using the modified Stillinger-Weber (SW) potential, 43, 44 which is given by,
(1) where R N indicates the atomic configuration and v 2 (r ij ) is the two-body contribution to the potential energy given by, and v 3 (r ij , r ik ) is the three-body contribution to the potential energy,
with Θ being the Heaviside step function. Here, we have used the modified potential parameters, due to Vink et al, 43 which are listed in Table I .
The equations of motion were integrated, using the velocity-Verlet algorithm, with a time step of ∆t = 1 fs, and a chain of Nosé-Hoover thermostats [45] [46] [47] was used to control the simulation temperature and the time evolution of the system in canonical ensembles. Each system was initially equilibrated at 1800 K for 50 ps and then it was cooled to 300 K, over a total time period of 600 ps, by gradually decreasing the temperature in steps of 100 K with an average cooling rate of 2.5 K per ps. At the end of the NVT-dynamics at 300 K, the system was subjected to evolve in a microcanonical ensemble (NVE) for an additional 50 ps so that the total simulation time for a single NVT-NVE cycle from an initial temperature of 1800 K to the final temperature of 300 K was 700 ps. The purpose of the NVE run was to eliminate any possible artifacts that could originate from the thermostats and to collect structural configurations during the NVE dynamics, which were free from any thermal fluctuations. Silicon configurations that satisfied a set of predefined criteria, such as those with a total potential energy and the density of coordination defects less than some prescribed values were collected during the 50-ps NVE run. On completion of the NVE run, the temperature of the system was increased to 1800 K to initiate the next NVT-NVE cycle. In order for the system to be able to explore a considerable part of the phase space in searching for better amorphous configurations, the NVT-NVE cycle was repeated many times until there were no significant changes in the total energy and density of coordination defects. In this study, we carried out 20-60 such cycles -depending on the size of the systemsfor a duration of 700 ps per cycle, resulting in a total simulation time of 14-42 nanoseconds. To demonstrate the efficacy of such NVT-NVE cycles, we have plotted in Fig. 1 the time evolution of the potential energy per atom and the fraction of the 4-fold coordinated atoms at the end of each cycle versus the number of cooling cycles. For the purpose of demonstration only, the data shown in Fig. 1 were generated using a high value of the cooling rate, 5 K/ps, for a 1000-atom SW model. (iii) Optimized configurations: As mentioned before, a number of low-energy configurations with desired structural properties were collected during NVE evolution at the end of each cycle in step (ii). The low-energy configurations were relaxed by minimizing the total energy using the modified SW potential with respect to the atomic positions. The energy minimization was carried out using the limited-memory BFGS algorithm. 48, 49 For comparison, W3 configurations 11 of sizes 300, 1000, and 5000 atoms, each with a mass density of 2.25 g/cm 3 , were also generated following the prescription of Barkema and Mousseau (see upper panel of Table II ).
B. Ab Initio relaxation using density-functional theory
The electronic structure of the SW-optimized models of a-Si with 300, 1000, and 5000 atoms was studied using the local-basis density-functional code SIESTA. 50 Normconserving Troullier-Martins pseudopotentials, 51 which were factorized in the Kleinman-Bylander form, were employed in this work. 52 The 300-and 1000-atom models were optimized fully self-consistently using the Perdew-Burke-Ernzerhof (PBE) 53 formulation of the generalized-gradient approximation (GGA) of the exchange-correlation energy, and double-ζ with polarization (DZP) basis functions. For the model with 5000 atoms, we resorted to the Harris-functional approach, 54 which is based on the linearization of the KohnSham equations in the density-functional theory. We also employed single-ζ (SZ) basis functions and the local density ap- proximation (LDA) to treat the exchange-correlation effects by using the Perdew-Zunger formulation of the LDA. 55 Similar SIESTA-based ab initio total-energy optimizations of W3 models of same sizes and mass density were also carried out for comparison with the SW models (cf. lower panel of Table II). The vibrational density of states of 1000-atom SW and W3 models was computed, using the harmonic approximation, by constructing the dynamical matrix of the system. The latter was obtained by computing the average atomic force on each atom via numerical differentiation of the total energy, using an atomic displacement of 5 × 10 −3Å . The resulting dynamical matrix was diagonalized to obtain the vibrational frequencies and eigenvectors.
III. RESULTS AND DISCUSSION
We begin by addressing the structural properties of the SW and W3 models. As mentioned earlier, the quality of CRN models of a-Si is primarily determined by: a) the radial distribution function; b) the bond-angle distribution (BAD) and its width; and c) the number of 4-fold coordinated atoms present in the network. A high-quality CRN model must satisfy all these properties simultaneously. The bond-angle distribution must have an width, ∆θ, in the range 9-11
• and it must not have coordination defects more than 1 in 1000 atoms in order to be experimentally compliant. Currently, no MD models exist that can satisfy these requirements to our knowledge. In this section, we shall show that the MD models produced in our work, by combining NVT and NVE simulations discussed in Sec. IIA, closely satisfy all these requirements with a defect density of 0-1% and a root-mean-square (RMS) bondangle width of 9-10
• for models with size up to 1000 atoms. Figure 2 shows the reduced pair-correlation function (PCF), G(r), versus radial distance (r) for SIESTA-optimized 1000-atom SW and W3 models of a-Si. The reduced PCF is defined as, G(r) = 4πρ r (g(r) − 1), where ρ is the number density of Si atoms and g(r) is the conventional pair-correlation function. The reduced PCFs from the W3 and SW models matched closely in Fig. 2 , showing an almost identical nature of two-body correlations between the atoms in the respective models. This observation is also reflected in Fig. 3 , where we have plotted the static structure factor,
of a 1000-atom SW model, along with the experimental structure-factor data for annealed samples of a-Si, due to Laaziri et al. 56 The symbol in Eq. 4 indicates the rotational averaging of the wave-vector transfer k over a solid angle of 4π, along 20000 different directions. A slightly high value of the first-sharp-diffraction peak (FSDP) for the SW model could be attributed partly to the use of the classical SW potential, producing a pronounced structural ordering, and in part to instrumental broadening associated with the collection of Xray diffraction data. A relatively slow cooling rate could also play a part in producing a somewhat more ordered structure. We shall return to this point later to discuss the topological order and ring statistics of the SW models. Table II lists various structural properties of the SW and W3 models, from the average bond length and bond angle to the percentage of n-fold coordinated atom with n = 3, 4, and 5. We have used a cutoff value of 2.8Å to calculate the coordination number of an atom, which corresponds to the first minimum of the PCF and it is practically identical for all models. The lower panel of Table II shows the results obtained from ab initio relaxations of the corresponding classical models. An examination of Table II shows that the SW models contain a small fraction of coordination defects. The percentage of 4-fold coordinated atoms can be seen to decrease only by 2% as the system size increase from 300 atoms to 400,000 atoms. The defect density in the 300-and 1000-atom models was found to be no more than 1% and, in each case, the RMS width (∆θ) of the bond-angle distribution was observed to be less than 10
• . To our knowledge, these are the best configurations so far obtained from any molecular-dynamics simulations to date. Although the models with 25000 and 400,000 Si atoms have a somewhat high defect concentration, in the TABLE II. Structural properties of SW and W3 models. N , θ , ∆θ, n , and C k indicate the number of atoms, the average bond length (Å) and bond angle (degree), the RMS width of the bond angles (degree), the mean coordination number, and the percentage of k-fold coordinated atoms, respectively. SW and W3 denote the results from molecular-dynamics simulations and the bond-switching algorithm of Wooten, Winer and Weaire, respectively. 11, 12 Model range (2.2-2.4)%, the results can be readily appreciated in view of the large phase-space volume involved in the simulation of these ultra-large models. We should emphasize the fact that the MD models reported here were obtained from unconstrained atomic dynamics without using any coordination constraints unlike the W3 models, where a 4-fold nearestneighbor list was always maintained during simulation.
Earlier we have mentioned that the PCF and the concentration of 4-fold coordinated atoms alone are not sufficient to determine the quality of CRN models of a-Si. For a high-quality CRN model, the distribution of bond angles must be sufficiently narrow, with an RMS width of the bond-angle distribution in the range 9-11
• , as observed in X-ray 56 and Raman transverse-optic (TO) peak measurements. 57 Thus, in addition to the correct PCF, a CRN model of a-Si must have appropriate values of C 4 , θ , and ∆θ so that the computed properties from the model are consistent with electron spin resonance, 17 X-ray diffraction, 56 and Raman spectroscopy, 57 respectively. It is notable that all the reported values of ∆θ for the SW models, including the one with 400,000 Si atoms, in Table II lie in the range of 9
• -10
• . The dihedral-angle distributions for the 1000-atom SW and W3 models are shown in Fig. 4 . The distributions are quite similar with a characteristic peak at 60
• .
Further characterization of SW and W3 models of a-Si is possible by examining the site-averaged orientational order parameter (OOP), Q l , due to Steinhardt et al. 58 In spherical polar coordinates, the site-projected OOP is defined as,
and the corresponding site-averaged value follows from,
In Eq. (5), Q i l is the site-projected OOP associated with site i, whose value depends on the orientation of n i bonds that extend from site i to the neighboring sites j. Here, N is the system size, and θ and φ are the polar and azimuthal angles of a bond r ij , respectively. Figure 5 show the magnitude of Q l , l = 1 to l = 8, for SW, W3, and crystalline networks, each consisting of 1000 atoms. A crystalline silicon network (in diamond structure) is characterized by a null or zero value of Q 1 , Q 2 , and Q 5 . By contrast, SW and W3 models show a strong presence of Q 5 indicating the amorphous character of the networks. It is notable that Q l values for SW and W3 models practically match with each other, reflecting an identical nature of local environment as far as the orientational ordering of the atoms in the first coordination shell (of an atom) is concerned.
Having addressed key structural properties of the SW models, we now examine their topological character in relation to the W3 models. Since the latter were generated by inducing, mostly, 5-and 7-member rings in a network, it is instructive to examine to what extent the ring statistics from W3 models, obtained from an event-based bond-switching algorithm, compare with the same from SW models. Toward that end, we have computed the number of n-member irreducible rings, from n=3 to n=10, and listed the values in Table III . Mathematically, an irreducible ring of size n is defined as the shortest, self-avoiding, irreversible path, which starts and ends at the same atomic site in n steps. Here, irreducibility refers to the fact that such a ring cannot be partitioned further into a smaller set of rings without changing the topology of the path or circuit. Figure 6 presents a comparison of the ring-size distribution between an SW model and a W3 model of size 1000 atoms. In computing the irreducible ring-size distributions, we have not imposed periodic boundary conditions. Since crystalline silicon, without any defects, is characterized by 6-member rings only, the fraction of 6-member rings present in a network can be used as a measure of the degree of crystallinity of the network from a topological point of view. Thus, as far as the ring statistics of the W3 and SW models are concerned in Fig. 6 , the latter can be described as having a somewhat pronounced topological ordering in comparison to the former. This observation is reflected in the FSDP of the SW models in Fig. 3 . A good atomistic configuration of a-Si must exhibit a gap in the electronic density of states (EDOS), irrespective of the method of preparation or modeling. The size of the gap depends on a number of factors, such as the density of coordination defects, the type of the defects (e.g., dangling and floating bonds), and the degree of disorder in the network. In general, a high density of 3-fold coordinated atoms or dangling bonds results in a large number of electronic states to appear near the Fermi level, which lead to a noisy or gap-less density of states. Figure 7 shows the EDOS for the 300-and 1000-atom SW and W3 models of a-Si, with the Fermi level at 0 eV. For the 300-atom SW model, we get a reasonably clean gap with two defects near the Fermi level, whereas the 1000-atom SW model produces a somewhat small gap due to 1% coordination defects. At any rate, a band gap of size 0.6-0.8 eV has been realized in the SW models. A few defects states that are present in the vicinity of the band-gap region can be readily passivated by hydrogenation to further improve the quality of the MD models. vibrational density of states (VDOS). Since vibrational excitations are more sensitive to local atomic environment than their electronic counterparts, any minute changes in the local atomic structure of a-Si can readily reflect on the VDOS at room temperature. 60 The VDOS was computed by constructing the force-constant (FC) matrix, using the harmonic approximation, and diagonalizing the corresponding dynamical matrix. Figure 8 shows the VDOS of a-Si, obtained from 1000-atom SW and W3 models. To compare the results with experimental data, we have also plotted the experimental inelastic neutron-scattering data from Kamitakahara et al. 59 The vibrational density of states from the SW and W3 models matches closely with the experimental data.
IV. CONCLUSIONS
In this paper, we have addressed a long-standing problem of structural modeling of a-Si using molecular-dynamics (MD) simulations. It is generally believed that, since a-Si is not a glass, direct MD simulations of a-Si, by quenching from a molten state of Si at high temperature, are not possible. A review of numerous MD studies on a-Si appears to support this conjecture by noting that MD simulations tend to produce a high density of coordination defects, which is inconsistent with the dangling-bond density observed in a-Si thin-films, by electron spin resonance measurements. This observation is consistent with the fact that a-Si samples are prepared in laboratories not by melt-quenching but by vapor deposition on a cold substrate or equivalent methods. Despite these observations, in this paper we have shown conclusively that it is possible to simulate high-quality CRN models of amorphous silicon by employing ultra-long molecular-dynamics simulations spanning several tens of nanoseconds. The size of the models produced in this study ranges from 300 atoms to 400,000 atoms and the corresponding defect density lies between 0.7% to 2.4%, respectively. All the MD models exhibit a very narrow bond-angle distribution, characterized by an average bond angle of ∼ 109.2 and a root-mean-square (RMS) deviation of ∼ 9.4
• -9.7
• . The latter is fully consistent with the value extracted from Raman TO peak measurements. Our results can be fully appreciated by noting that the 300-atom model has only a pair of defects -one dangling bond and one floating bond -and a bond-angle width of 9.44
• , which exhibits a clean gap in the electronic density of states. On the other hand, the largest model with 400,000 atoms has a defect density of 2.4% only and an RMS width of 9.46
• in the bond-angle distribution.
We conclude this section with the following observations. First, the availability of nearly defect-free MD models of aSi brings considerable advantages in studying a-Si and a-Sirelated materials. A molecular-dynamical approach provides a natural route to produce atomistic models of a-Si. The approach is simple and intuitive and it can be implemented easily and efficiently for large models, both in serial and parallel computing environments. Second, unlike the W3 method, a molecular-dynamical approach is free from any constraints. In the former, the system evolves from one configuration to another, by employing a limited set of bond switches, such that the coordination number of the atoms remains constant. While such bond reassignments can efficiently induce the requisite 5-and 7-member rings to produce the characteristic network topology of a-Si, the system can only explore a coarsegrained configuration space due to the coordination constraint and a limited combination of bond switches. Thus, the topological character of the resulting amorphous networks from such an approach may not be necessarily identical to the ones obtained from unconstrained MD simulations. This observation is reflected in the ring statistics obtained from the SW and W3 models. Since rings can play an important role in determining the stability and topological ordering of amorphous/disordered networks, it remains to be seen to what extent MD models and W3 models differ from each other and affect the material properties, involving higher-order correlation functions. Finally, the availability of large MD models will be particularly useful in studying silicon-heterojunction photovoltaic devices based on amorphous/crystalline interfaces. 
